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SYMBOLIC ANALYTIC SPREAD: UPPER BOUNDS AND APPLICATIONS
HAILONG DAO AND JONATHANMONTAN˜O
ABSTRACT. The symbolic analytic spread of an ideal I is defined in terms of the rate of
growth of the minimal number of generators of its symbolic powers. In this article we find
upper bounds for the symbolic analytic spread under certain conditions in terms of other
invariants of I. Our methods also work for more general systems of ideals. As applications
we provide bounds for the (local) Kodaira dimension of divisors, the arithmetic rank, and
the Frobenius complexity. We also show sufficient conditions for an ideal to be a set-
theoretic complete intersection.
1. INTRODUCTION
The symbolic powers of an ideal I in a Noetherian commutative ring R have long been
studied in commutative algebra and algebraic geometry, see [6] for a survey. In recent
years, this subject has enjoyed an intense resurgence, thanks to exciting new connections
and methods discovered by a number of researchers (see for instance [7], [17], [23], [24],
[25], [27]).
Despite these developments, many basic questions about symbolic powers remain tan-
talizingly open. For example, we do not know if the number of generators of the n-th
symbolic power I(n) of a homogenous ideal I in a polynomial ring is bounded above by
a polynomial in n. The purpose of this article is to start a systematic study of the rate of
growth of µ(I(n)), as n varies, for general ideals in a local ring. Such invariant has been
considered in specific contexts under the name symbolic analytic spread of I. We adopt
this terminology and denote this invariant by sℓ(I) (see Definition 2.1).
In this article, we are able to show tight upper bounds for the symbolic analytic spread
using the usual analytic spread ℓ(I), or the dimension of R/I, under certain conditions
(for instance if dimR/I 6 3, if depthR/I(n) > dimR/I− 1, or if I is locally a complete
intersection on the punctured spectrum). While these conditions are restrictive, as far as
we know the results are new even for prime ideals over a regular local ring. Previously,
in [8], Dutta had found a similar upper bound for sℓ(I) under the assumption that R is S2,
dimR/I 6 2, and I is the intersection of prime ideals of the same height. It is also worth
noting that our methods work for general system of ideals containing the powers of I, and
with a view toward further applications we state our main results in this framework. See
Theorems 3.5 and 3.11 for the key general statements; and Corollaries 3.6, 3.7, 3.12, and
Proposition 3.8, for particular results about symbolic powers.
We proceed to apply our bounds in a number of situations. For I locally principal on the
punctured spectrum (i.e., I represents a line bundle on SpecR\{m}), the symbolic analytic
spread can be viewed as a local version of the Kodaira dimension associated to this divisor,
and our bounds imply that this is less than or equal to ℓ(I) (see Corollary 3.10). We also
give bounds on the Frobenius complexity of R (see Corollary 3.16). Finally, we give a
Key words and phrases. Analytic spread, symbolic powers, arithmetic rank, Frobenius complexity, Kodaira
dimension.
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criterion for an ideal to be set-theoretic complete intersection, extending classical results
on this problem (see Corollary 3.13). We discuss the case of monomial ideals in Section
4 and prove a sharp bound for sℓ(I) in this case, which can be used to recover a bound
by Lyubeznik on the arithmetic rank of monomial ideals, and to provide a lower bound
for the depth of symbolic powers of squarefree monomial ideals (see Theorem 4.1, and
Corollaries 4.2 and 4.3).
We end the paper with a number of open questions and conjectures, whose main purpose
are to highlight how much we still do not know about the symbolic analytic spread.
2. NOTATION AND PRELIMINARY RESULTS
Let (R,m,k) be a Noetherian local ring and I = {In}n∈N a system of ideals of R, with
I0 = R. We often assume that the ideals of I contain the powers of an ideal I of R, i.e.,
In ⊆ In for every n ∈ N. A natural example where this condition is satisfied is when I
consists of symbolic powers.
Let I and J be ideals of R, for any n ∈ N we call the ideal I(n)J := (In :R J∞) the nth-
symbolic power of I with respect to J. Let Ass∞(I) := limn→∞Ass(In), which exists and is
a finite set by [1]. We note that if J is the intersection of the prime ideals in Ass∞(I)\Min(I)
then for n≫ 0, the ideal I(n)J is equal to I(n) the nth-(ordinary) symbolic powers of I, i.e.,
I(n) =
⋂
p∈Min(I)
(InRp∩R);
whereas if J =m, then I
(n)
J is equal to {(In)sat}n∈N, the saturated powers of I.
For two sequences of non-negative real numbers {an}n∈N and {bn}n∈N, we write an =
O(bn) if limsupn→∞
an
bn
< ∞. For a finitely generated R-moduleM, we denote by µ(M) its
minimal number of generators.
Definition 2.1 (cf. [3], [13]). We define the analytic spread of the system I , and denote
it by ℓ(I ), as
ℓ(I ) =min{t ∈ R | µ(In) = O(nt−1)}.
If I = {I(n)}n∈N, we denote ℓ(I ) by sℓ(I) and call it the symbolic analytic spread of I.
We also note that if I = {In}n∈N, then ℓ(I ) is simply ℓ(I), the analytic spread of I.
Let Rs(I) := ⊕n∈NI(n)tn dentote the symbolic Rees algebra of I. We note that Rs(I)
is Noetherian whenever I is a monomial ideal [12, 3.2] or a determinantal ideal [4, 10.2,
10.4]. However, this is not always the case even for prime ideals in regular rings [28].
When Rs(I) is Noetherian we can extract from it an upper bound for sℓ(I), which in
turn provides a bound for the arithmetic rank of I, i.e.,
ara(I) =min{u | there exist g1, . . . ,gu ∈ R such that
√
(g) =
√
I}.
We summarize these facts in the following proposition, but first we recall the following
fact.
Remark 2.2. For any R-ideal I we have ara(I)6 ℓ(I) (see for example [14, 8.3.8]).
Proposition 2.3. Let d = dimR. Assume depthR > min{dimR/I,1} and that Rs(I) is
Noetherian. Then
ara(I)6 sℓ(I)6max{d− dimR/I, d− 1}.
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Proof. Set T = k⊗R Rs(I). Since T is Noetherian, there exists c ∈ Z>0 such that the
cth-Veronese subalgebra T (c) = ⊕n∈NTcn ⊆ T is a standard graded R algebra and T is a
finitely generated T (c)-module [12, 2.1]. Set J = I(c), then sℓ(I) = dimT = dimT (c) =
ℓ(J)6 d. Since
√
J =
√
I, we have ara(I) = ara(J) 6 ℓ(J) = sℓ(I). Now, since J(n) = Jn
for every n ∈ N, we have Ass(Jn/Jn+1) ⊆ Ass(R/Jn+1) = Min(R/J). This implies that
the algebra G (J) := ⊕n∈NJn/Jn+1 is torsion-free over R/J. If dimR/J = dimR/I > 1 and
depthR > 1, it follows that m is not contained in any minimal prime of G (J). Hence,
ℓ(J) = dimk⊗R G (J)< dimG (J) = d, finishing the proof. 
The following example shows that the bound for the arithmetic rank in terms of the
symbolic analytic spread sometimes is sharper than the one provided by the analytic spread.
Example 2.4. ([3]) Let X be a generic matrix of sizem×n. Let R= k[X ] be the polynomial
ring in the entries of X over the field k and m its irrelevant maximal ideal. We denote by
It(X) the determinantal ideal generated by the t-minors of X . Assume k is algebraically
closed, then for every t 6 m we have
sℓ(It(X)) = ara It(X) = mn− t2+ 1.
However, if t <min{m,n} then ℓ(It(X)) = mn.
For an R-module M, we denote by e(M) = limn→∞
(dimM)!λ (M/mnM)
ndimM
the multiplicity of
M. We recall the following well-known fact.
Remark 2.5. IfM is a Cohen-Macaulay R-module, then µ(M)6 e(M).
The next example shows that the Noetherian assumption onRs(I) is necessary in Propo-
sition 2.3.
Example 2.6. Let
R= C[[x,y,z]]/(x3+ y3+ z3).
Since R is a normal two-dimensional domain that is not rational singularity, the divisor
class group Cl(R) is infinite [20, 17.4]. Let p ∈ SpecR be such that [p] ∈ Cl(R) has infinite
order. Since p(n) is a Maximal Cohen-Macaulay module of rank one for every n > 1, by
[2, 4.7.9] we must have e(p(n)) = e(R) = 3. Then, µ(p(n))6 3 by Remark 2.5. Therefore,
sℓ(I) = 1, but by assumption p cannot be the radical of a principal ideal and then ara(I)> 1.
3. MAIN RESULTS
This section includes the main results of this paper. We follow the notation introduced
in Section 2. In particular, we assume (R,m,k) is a Noetherian local ring and I an R-ideal.
We begin with the following result that is of independent interest. Here, we extend
the bound in Remark 2.5 for non-Cohen-Macaulay modules. We recall that x ∈ m is a
superficial element of m with respect to the R-module M if there exists c ∈ N such that
for every integer n > c we have (mn+1M :M x)∩mcM = mnM. The sequence x1, . . . ,xs
is superficial of m with respect to M if for every i = 1, . . . ,s, the image of xi in R :=
R/(x1, . . . ,xi−1) is a superficial element of mR with respect toM⊗R R.
Proposition 3.1. Let r = dimM > 1. Then for every superficial sequence x= x1, . . . ,xr−1
of m with respect to M we have
µ(M)6 µ(H0m(M/(x)M))+ e(M)
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Proof. Set M =M/(x)M and note dimM = 1 [29, Proposition 1.2(1)]. Then,
µ(M) = µ(M)6 µ(H0m(M))+ µ(M/H
0
m(M))6 µ(H
0
m(M))+ e(M/H
0
m(M)),
where the first inequality follows from the short exact sequence
0→ H0m(M)→M→M/H0m(M)→ 0
and the second one from Remark 2.5. The conclusion now follows since e(M/H0m(M)) =
e(M) by [2, 4.7.7] and e(M) = e(M) by [29, Proposition 1.2(2)]. 
Example 3.2. In the following cases the equality in Lemma 3.1 holds.
(i) M is an Ulrich R-module, i.e.,M is Cohen-Macaulay and µ(M) = e(M).
(ii) R is regular, M is torsion-free, and x is part of a regular system of parameters.
Indeed, in this case the ring R := R/(x) is a DVR and thenM :=M/(x)M∼= Rs⊕N
for some s> 1 and N a zero-dimensional R-module. Therefore, µ(M) = µ(M) =
s+ µ(N). On the other hand, e(M) = e(M) = e(R
s
) = s and µ(H0m(M)) = µ(N).
For clarity of exposition, we define the following object depending of the the value of
ℓ(I).
Definition 3.3. ℓ˜(I) =
{
ℓ(I) if ℓ(I)< dim(R)
d+ 1 if ℓ(I) = dim(R)
.
We need one more lemma prior stating the first main result.
Lemma 3.4. Assume R is analytically unramified and formally equidimensional. Then,
λ (H0m(R/I
n)) = O(nℓ˜(I)−1).
Proof. Set d = dim(R). If ℓ(I) = d, the statement follows by [18, 4.7]. We then as-
sume ℓ(I) < d and thus, by McAdam’s Theorem [14, 5.4.6], we have (In)sat = In, where
J denotes the integral closure of the ideal J. Therefore, (In)sat ⊆ In for all n > 0. Set
R = ⊕n∈NIntn, Rsat = ⊕n∈N(In)sattn, and R = ⊕n∈NIntn. Therefore, R ⊆ Rsat ⊆ R,
and then Rsat is a finitely generated R-module [14, 9.2.1]. It follows that there ex-
ists an N such that mNRsat ⊆ R. Thus, Rsat/R is a a finite R/mNR-module. Then
λ (H0m(R/I
n)) = λ ((In)sat/In) = λ
(
[Rsat/R]n
)
agrees with a polynomial of degree at most
dimR/mNR− 1= ℓ(I)− 1 for n≫ 0. 
We are now ready to present our first main theorem.
Theorem 3.5. Assume R is analytically unramified and formally equidimensional. Let I
be an R-ideal and I = {In}n∈N a system of ideals such that
(1) In ⊆ In for all n> 0, and
(2) depthR/In > dim(In/I
n)− 1 for n≫ 0.
Then, ℓ(I )6 ℓ(I)+ 1.
Proof. Set Mn = In/I
n. From 0→ In → In →Mn → 0 we obtain µ(In) 6 µ(In)+ µ(Mn),
so it suffices to show µ(Mn) = O(n
ℓ(I)) which we prove using Proposition 3.1. In order to
construct a sequence that is superficial simultaneously for all theMn, we need to introduce
a faithfully flat extension of R.
Let f1, . . . , fu be a minimal set of generators of m and r = dimR/I. Consider a set
of ru variables z = {zi, j}16i6r,16 j6u and R′ = R[z]mR[z]. We also consider the elements
xi =∑
u
j=1 zi, j f j ∈ R′ for i= 1, . . . ,r. For every R-moduleM we denote byM′ the R′-module
M⊗RR′ and we note that µ(M) = µ(M′). It suffices to show µ(M′n) = O(nℓ(I)).
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For each i = 0, . . . ,r we consider the set Λi = {n | dimM′n = i}. We show that for each
i, we have µ(M′n) = O(nℓ(I)) for n ∈ Λi. By Lemma 3.4, for n ∈ Λ0 we have µ(M′n) 6
λ (M′n)6H0m(R′/(I′)n) =O(nℓ(I)). Now, fix i> 1 and consider the modulesM′n for n∈Λi.
We may also assume Λi is an infinite set. From the short exact sequence
(3.1) 0→M′n → R′/(I′)n → R′/I′n → 0
it follows that Min(M′n) ⊆ Ass∞(I′). In particular, ∪n∈Λi Min(M′n) is a finite set. By the
associativity formula [2, 4.7.8] we have
e(M′n) = ∑
p
λ ((M′n)p)e(R
′/p)
where the sum ranges over p ∈ ∪n∈Λi Min(M′n) with dimR′/p= i. For each of these p and
n we have dim(M′n)p 6 0, therefore
(3.2) λ ((M′n)p)6 λ
(
H0
pR′p
(R′p/(I
′
p)
n)
)
= O(nℓ(I
′)) = O(nℓ(I)),
where the first equality holds by Lemma 3.4 and the fact that the analytic spread does not
increase after localization.
For every n ∈ Λi, we have that x = x1, ...,xi−1 is a superficial sequence of mR′ with
respect to M′n (see for instance [29, Theorem 1.2]). Moreover, by the assumption (2), x is
regular on R′/I′n for n≫ 0 and then TorR
′
1 (R
′/I′n,R′/(x)) = 0. Thus, tensoring (3.1) with
R′ := R′/(x) we conclude that M′n/(x)M′n embeds into R′/InR′. Hence,
(3.3) µ
(
H0m(M
′
n/(x)M
′
n)
)
6 λ
(
H0m(M
′
n/(x)M
′
n)
)
6 λ
(
H0m(R
′/InR′)
)
= O(nℓ(I)),
again by Lemma 3.4. The conclusion now follows from (3.2), (3.3), and Proposition 3.1.

From Theorem 3.5 we obtain the following bounds for the symbolic analytic spread.
Corollary 3.6. Let R and I be as in Theorem 3.5. If depthR/I(n) > dimR/I− 2 for every
n≫ 0, then sℓ(I)6 ℓ(I)+ 1. In particular, this holds if dimR/I 6 3.
Proof. The result follows from Theorem 3.5 since dim I(n)/I < dimR/I. 
Corollary 3.7. Let R and I be as in Theorem 3.5. If J is a proper ideal such that dimR/J6
2 and I = {I(n)J }n∈N, then ℓ(I ) 6 ℓ(I)+ 1. In particular, if I is a complete intersection
locally in codimension dimR− 3, then sℓ(I)6 ℓ(I)+ 1.
Proof. We may assume dimR/I > 1. Then we have dim I
(n)
J /I
n 6 dimR/J 6 2 for every
n> 1 and depthR/I
(n)
J > 1. The result now follows by Theorem 3.5.
For the second statement, we note that this condition implies that for every p∈Ass∞(I)\
Min(I) we have dimR/p6 2. 
Under some extra conditions we are able to provide a better bound for the symbolic
analytic spread.
Proposition 3.8. Assume R is analytically unramified and formally equidimensional. Let
I be an R-ideal such that ℓ(Ip)< htp for every p ∈V (I)\Min(I) with p 6=m and such that
Inp is integrally closed for every p ∈Min(I) and n≫ 0. Then sℓ(I)6 ℓ(I).
Proof. Let J denote the integral closure of the ideal J. The assumptions on I imply In⊆ I(n)
and λ (I(n)/In) < ∞ for every n≫ 0 [15, 2.4, 2.8]. Since In is m-full, we have µ(I(n)) 6
µ(In) [16, 2.2]. The conclusion now follows by noticing that µ(In) = O(nℓ(I)−1) [14,
9.2.1]. 
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Remark 3.9. The assumptions in Proposition 3.8 are satisfied if R is regular, R/I is re-
duced, and Ass∞(I) ⊆ Min(I)∪ {m}. The latter condition holds, in particular, if R/I is
locally a complete intersection.
It is worth noting a very particular case of Proposition 3.8. Namely, when I is locally
a principal ideal on SpecR \ {m}. In other words, I represents a Cartier divisor on the
punctured spectrum. In this case, the symbolic analytic spread can be viewed as the local
version of the Kodaira dimension of that divisor. In view of this we state the next corollary,
which we also apply in Subsection 3.2.
Corollary 3.10. Assume R is analytically unramified and formally equidimensional. As-
sume that Ip is a principal ideal for every p∈ SpecR\{m} and that Rp is normal for every
p ∈Min(I). Then sℓ(I)6 ℓ(I).
The following is our second main theorem. In this result, we obtain a better bound for
the analytic spread of a system of ideals under stronger assumptions on the depth of its
ideals. This resullt is inspired by Dutta’s original proof in [8].
Theorem 3.11. Let I = {In}n∈N be a system of ideals such that In ⊆ In for all n> 0. Set
r = dimR/I.
(1) If depthR> r and depthR/In > r− 1 for n≫ 0, then ℓ(I )6 dimR− r+ 1.
(2) If depthR > r+ 1 and depthR/In = r, i.e., R/In is Cohen-Macaulay, for n≫ 0,
then ℓ(I )6 dimR− r.
Proof. We begin with (1). After passing to them-adic completion Rˆ of R all of the assump-
tions are preserved, then we can assume R is complete. By countable prime avoidance [5,
Lemma 3], there exists an R-regular sequence x = x1, ...,xr such that R/(I,x) has finite
length, and x1, ...,xr−1 is regular on R/In for n≫ 0.
Tensoring the short exact sequence 0→m/x→ R/x→ R/m→ 0 with R/In we obtain
µ(In) = Tor
R
1 (R/In,R/m)6 λ (R/In⊗Rm/x)+λ (TorR1 (R/In,R/x))
6 λ (R/In⊗Rm/x)+λ (TorR1 (R/In,R/x)).(3.4)
We now show that the two terms of (3.4) are O(nd−r). For the first term this follows from
[2, 4.6.2] as dimm/x= d−r. For the second term, by [2, 1.6.17]we have TorRi (R/In,R/x)=
0 for every i> 1 and n≫ 0. Thus, by the non-negativity of Euler characteristic [2, 4.7.4],
we have
λ (TorR1 (R/In,R/x))6 λ (R/In⊗R R/x)6 λ (R/In⊗R R/x),
and this last term is O(nd−r) by [2, 4.6.2]. This concludes the proof of (1).
The proof of (2) follows the same steps as (1), but considering a longer R-regular se-
quence x1, . . . ,xr+1. 
Corollary 3.12. Set r = dimR/I.
(1) If depthR> r and depthR/I(n) > r− 1 for n≫ 0, then sℓ(I)6 dimR− r+ 1.
(2) If depthR> r+1 and R/I(n) is Cohen-Macaulay for n≫ 0, then sℓ(I)6 dimR−r.
In the following subsections we give two important applications of our results.
3.1. Set-theoretic complete intersection. Let I be an R-ideal and g1, . . . ,gu elements of
R such that
√
I =
√
g. By Krull’s Altitude Theorem it follows that htI 6 u. Therefore we
always have an inequality htI 6 ara(I). The ideal I is said to be a set-theoretic complete
intersection if the equality occurs.
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A well-known result of Cowsik, which follows from Proposition 2.3, states that if R
is a regular local ring and I is a one-dimensional ideal such that Rs(I) = ⊕n∈NI(n)tn is
Noetherian, then I is a set-theoretic complete intersection. In a related result [30, 2.9],
Varbaro shows that if R= k[x1, . . . ,xd ](x1,...,xd) is the localization of a polynomial ring and
I is the Stanley-Reisner ideal of a matroid, then I is a set-theoretic complete intersection.
The following corollary extend these results.
Corollary 3.13. Assume R is formally equidimensional and depthR> dimR/I+1 (e.g. R
is Cohen-Macaulay and ht I > 1). If Rs(I) is Noetherian and R/I(n) is Cohen-Macaulay
for n≫ 0, then I is a set-theoretic complete intersection.
Proof. By Proposition 2.3 and Corollary 3.12 we have
ara(I)6 sℓ(I)6 dimR− dimR/I = ht I 6 ara(I),
the result follows. 
3.2. The Frobenius complexity. In this subsection we assume (R,m,k) is a Noetherian
local ring of characteristic p> 0. For every e∈N we consider C Re , the set of additive maps
ϕ : R→ R such that ϕ(rpem) = rϕ(m) for every r,m ∈ R. The direct sum C R = ⊕n∈NC Re
has a graded algebra structure and is called the total Cartier algebra on R [19, 6.1].
For every e ∈ Z>0, let Ge be the subalgebra of C R generated by the elements of degree
6 e and ce(R) the minimal number of generators of the R-module of C
R
e /[Ge−1]e. The
Frobenius complexity of R is defined as
cxF(R) = inf{α ∈ R | ce(R) = O(pαe)}.
We remark that here we are using the alternative definition of Frobenius complexity as in
[11, Section 4], which was later adopted in [26] and [9]. If R is F-finite and complete this
definition coincides with the original one introduced by Enescu and Yao in [10].
In [10, 4.11] the following question is raised.
Question 3.14 (Enescu-Yao). Assume R is complete and normal, is cxF(R) finite?
In [9], the authors show that the Frobenius complexity is finite for standard graded rings
over an F-finite field localized at the irrelevant maximal ideal. However, in general cxF(R)
is not known to be finite, except when the anticanonical cover is Noetherian [10, 4.7],
when dimR6 2 (in this case cxF(R)6 0) [10, 4.10], and in other particular cases [11, 26].
The following proposition, combined with our main results, allows us to answer Ques-
tion 3.14 for rings of small dimension. The proof of the following statement is essentially
contained in [26, 2.6].
Proposition 3.15. Assume R is normal and has a canonical ideal ω . Then cxF(R) 6
sℓ(ω(−1))− 1.
We now state our contribution towards Question 3.14.
Corollary 3.16. Assume R is normal and has a canonical ideal ω (e.g. R is complete).
(1) If dimR6 3, then cxF(R)6 1.
(2) Moreover, if dimR= 4, R is analytically unramified and formally equidimensional,
then cxF(R)6 ℓ(ω
(−1))< ∞.
(3) If R is analytically unramified, formally equidimensional, and Gorenstein locally
on SpecR\ {m}, then cxF(R)6 ℓ(ω(−1))< ∞.
Proof. The result follows from Proposition 3.15 and, Corollary 3.12 for (1), Corollary 3.6
for (2), and Corollary 3.10 for (3). 
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4. A BOUND FOR MONOMIAL IDEALS
Let R = k[x1, . . . ,xd ] be a polynomial ring over the field k and m = (x1, . . . ,xd). For
(a1, . . . ,ad) ∈ Nd let xa denote the monomial xa11 · · ·xadd . For a monomial prime ideal p we
denote by supp(p) := {i | xi ∈ p} its support.
Let bigheightI denote the big height of the ideal I, i.e., the largest height of an ideal in
Min(I).
Theorem 4.1. Let R= k[x1, . . . ,xd ] and I a monomial ideal, then
sℓ(I)6 d−
⌊
d− 1
bigheightI
⌋
.
Proof. By Proposition 2.3 we may assume dimR/I > 1. Let Min(I) = {p1, . . . ,pc}, we
may further assume ∪ci=1 supp(pi) = [d] := {1, . . . ,d}. Let {Q1, . . . ,Qc} be the correspond-
ing primary components of I so that I(n) = ∩cj=1(QnjRp j ∩R) for every n > 1. Notice that
xa is a minimal generator of I(n) if and only if x
a
1
∈ ∩cj=1QnjRp j but x
a
xi
is not in some QnjRp j
for each i ∈ [d]. Equivalently, if there exists a function φ : [d]→ [c] such that xa is in the
set
Sφ (n) = {xa | x
a
1
∈ ∩cj=1QnjRp j and
xa
xi
6∈ Qnφ(i)Rpφ (i) for every i ∈ [d]}.
We claim that for each of these functions φ we have |Sφ (n)|=O(nd−| Imφ |); for this we may
also assume |Sφ (n0)| 6= 0 for at least one n0 ∈ N. First we show that the claim implies the
result. If i∈ φ−1( j) then there exists a∈Nd and n0 ∈Nwith xa1 ∈Qn0j Rp j and x
a
xi
6∈Qn0j Rp j ,
it follows that i ∈ supp(p j). Therefore, |supp(p j)|> |φ−1( j)|. Thus,
| Imφ |(bigheightI)> ∑
j∈Imφ
htp j = ∑
j∈Imφ
|supp(p j)|> ∑
j∈Imφ
|φ−1( j)| = d.
From this chain of inequalities we obtain d − | Imφ |+ 1 6 d − ⌈ d
bigheightI
⌉+ 1 = d −⌊
d−1
bigheightI
⌋
.
Now we prove the claim. For each Λ ⊆ [d] let piΛ : R→ R be defined by piΛ(xi) = 1 if
i∈Λ and piΛ(xi) = xi otherwise. Fix φ as above and set Fj = [d]\φ−1( j) for each j ∈ Imφ .
Then xa ∈ Sφ (n) if and only if piFj(xa) is a minimal generator of piFj(Qnj) = piFj(Q j)n for
every j. Notice that xa = ∏ j∈Im(φ) piFj(x
a), hence
|Sφ (n)|6 ∏
j∈Imφ
µ(piFj(Q j)
n) = ∏
j∈Imφ
O
(
n
ℓ(piFj (Q j))−1)= O(nd−| Imφ |),
as desired. 
As a corollary we recover the following result of Lyubeznik.
Corollary 4.2 ([22, Theorem]). Let R= k[x1, . . . ,xd ] and I a monomial ideal, then
ara(I)6 d−
⌊
d− 1
bigheightI
⌋
.
Proof. The result follows from Proposition 2.3 and Theorem 4.1. 
We also apply Theorem 4.1 to the recent results in [13, 2.4] and [25, 3.3] to obtain the
following interesting fact.
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Corollary 4.3. Let R = k[x1, . . . ,xd ] and I a monomial ideal. Assume I
(n) is integrally
closed for n≫ 0. Then for every n such that I(n) is integrally closed we have
depthR/I(n) >
⌊
d− 1
bigheightI
⌋
and projdimR/I(n) 6 d−
⌊
d− 1
bigheightI
⌋
.
In particular, the conclusion holds for every squarefree monomial ideal I and every n ∈
Z>0.
Remark 4.4. In [21], Lyubeznik shows examples of monomial ideals I for each value of d
and bigheightI such that ara(I) = d−
⌊
d−1
bigheightI
⌋
. These examples show that the bounds
in Theorem 4.1, and Corollaries 4.2 and 4.3 are sharp.
5. SOME OPEN QUESTIONS
In this section we briefly discuss some simple open questions that arise from our work.
As before, we assume (R,m,k) is a Noetherian local ring and I and R-ideal.
We begin by proposing the following conjecture.
Conjecture 5.1. sℓ(I)6 dimR.
We do not know whether this holds true even over regular local rings. In fact, it is not
clear to us how to prove that there is some constant C, depending only on R, such that we
always have sℓ(I)6C; or even if sℓ(I) is always finite.
A bolder statement would be:
Question 5.2. Is it true that sℓ(I)6 ℓ(I)?
We remark that even when Rs(I) is Noetherian we do not know whether Question 5.2
has an affirmative answer, except when ℓ(I) > dimR− 1 (see Proposition 2.3). Further
affirmative cases are included in Example 2.4, Proposition 3.8, and Corollary 3.12 (2). In
addition, Corollaries 3.6, 3.7, and Corollary 3.12 (1) show particular cases of the weaker
inequality sℓ(I)6 ℓ(I)+ 1.
The classical Burch-Brodmann inequality states that ℓ(I)+ lim
n→∞depthR/I
n 6 dim(R).
We propose the following symbolic analogue.
Question 5.3. Is it true that sℓ(I)+ liminf
n→∞ depthR/I
(n) 6 dim(R)?
First, we remark that if Rs(I) is Noetherian then the inquality in 5.3 holds (see for
instance [4, 9.23]). In fact, it suffices to assume that the algebra G s(I) := ⊕n∈NI(n)/I(n+1)
is Noetherian, and in this case equality occurs if G s(I) is Cohen-Macaulay. We note that
some special cases 5.3 follow from Corollary 3.12. In addition, the equality was shown to
hold for squarefree monomial ideals in [13, 2.4], and more generally when I(n) is integrally
closed for every n≫ 0 in [25, 3.3].
It would be very interesting to settle 5.2, 5.3 even for prime ideals in a regular local
ring.
In Example 2.6 we show that ara(I) is not always bounded by sℓ(I), even for prime
ideals. However, the ring therein is not regular. Thus, we ask the following.
Question 5.4. Assume R is regular and I is prime. Is ara(I)6 sℓ(I)?
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